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Abstract
We consider a viscoplastic problem with contact condition modelling the thermomechanical deformations during casting
of aluminium alloy slabs. We introduce a ctitious domain method to impose the metallostatic pressure on the thermal free
boundary. Finally, we present some numerical results for a particular casting process during both the start and stationary
stages. c© 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
There are two types of casting of aluminium alloys: direct chill (DC) and electromagnetic (EMC).
In DC casting the liquid aluminium is supported by a mould (see Fig. 1). In EMC the liquid
aluminium is conned by an electromagnetic eld, so the slab is not in contact with any mould and
the lateral faces quality is better (see Fig. 2).
Casting of aluminium alloys can be divided into two stages:
 The start stage, during which the temperature eld, the solidication front and the slab shape
change with time. During this phase, due to the large thermal stresses, the butt of the slab curls
and loses contact with the bottom block (see Fig. 3). This deformation is known as butt curl
and takes place when the direct water cooling hits the slab surface. The air gap left by the butt
curl may reach the height of approximately 100 mm, depending on the slab size and the casting
conditions.
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Fig. 1. DC casting.
Fig. 2. EMC casting.
 When the slab measures approximately 1m, a steady-state regime is established for the thermal
eld, which is known as stationary stage. In this phase the solidifying shell contracts inwards
and the resulting cross-section has a non-rectangular shape (\bone" shape), as shown in Fig. 4.
To compensate this eect, the mould or inductor shapes designed are convex, usually with three
segments.
The prediction of the butt curl and the nal section of the slab, would make possible the opti-
mization of the bottom block, mould or inductor shapes and the casting parameters (casting speed,
cooling conditions, etc.). In order to have a better understanding of the mechanisms involved in
the slab deformations, two-dimensional (see for instance [7,12] and three-dimensional models (see
[8,10] and the references therein) have been developed. However, they do not explain in detail the
algorithms used to solve the proposed models. In previous papers [1,2] we have analysed two of
the main diculties in the modelling and numerical simulation of casting process: the nonlinearities
due to the viscoelastic behaviour law and a contact condition with the bottom block to model the
butt curl. In this paper we will study another of the main diculties in the numerical simulation
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Fig. 3. Butt curl.
Fig. 4. Lateral faces contraction.
of this process: the treatment of the metallostatic pressure condition on the upper boundary of the
solidied domain, which is the free boundary of the thermal problem. The only reference to this
problem in the previous papers is in [10], where they literally say that they consider both solid and
liquid phases so that the liquid aluminium is assumed to be a \very weak" elastic material. Follow-
ing this methodology, we propose a ctitious domain method for this boundary condition treatment.
Furthermore, by means of a test example with analogous characteristics than the real case, we will
observe that this approximation is only justied when the elastic coecients are suitably chosen.
The mathematical justication of this methodology will be the aim of one forthcoming publication;
nevertheless, the mathematical results will be detailed here.
Summing up, in this paper we introduce a weak problem in the entire slab, treating the liquid
metal as a ctitious domain; we propose an iterative method to approximate the three-dimensional
deformations during casting, and give some results obtained for a particular casting simulation. The
algorithm presented has been successfully implemented in the simulation package C3D, property of
ALCOA-INESPAL (A Coru~na, Spain).
An outline of this paper follows. In Section 2 we present the mathematical model; it is a
quasi-static evolution problem for a three-dimensional viscoelastic solid with a Signorini contact
condition. In Section 3 we summarize the main assumptions and the functional framework to obtain
a weak formulation of the previous problem; for the detailed proofs we refer the reader to [1]. In
Section 4, we discretize the equations in space by means of a tetrahedral nite element method
and justify the ctitious domain method. The resulting weak problem is discretized in time by the
66 P. Barral, P. Quintela / Journal of Computational and Applied Mathematics 115 (2000) 63{86
Fig. 5. Mathematical model.
implicit Euler scheme; nally, following the maximal monotone operator techniques developed in
[3], we propose an iterative algorithm to solve the discretized problem; for a precise description of
the algorithm see [2]. In Section 5 we present some numerical results obtained for a real casting
process with the algorithm proposed.
2. Mathematical three-dimensional model
Casting process is very complex because there are many interconnected phenomena (see Fig. 5).
For example, in EMC the electromagnetic eld induces a movement of the liquid aluminium and
so a heat transfer by convection. Due to the large thermal stresses inside the slab, the butt curls
and then the heat transfer between the slab and the bottom block changes. Nevertheless, in this
paper only mechanical phenomena will be modelled. The temperature eld T is calculated prior to
mechanical deformations. The only relationship between the thermal and the mechanical models we
have considered is that the heat transfer coecient between the slab and the bottom block surface
is dependent on time, surface temperature and the intrusion of cooling water into the gap created
by the butt curl. For a description of the thermal submodel see [6,14].
Two-dimensional hydrodynamical and electromagnetic models (see [4]) have also been developed
but they are not yet coupled.
2.1. Computational domain
We denote by 
(t) the slab at each time t 2 [0; tf] and by 
(0) the aluminium inside the bottom
block when it begins to go down (see Fig. 6). The mechanical domain at each time t is the
solidied part of the slab, denoted by 
s(t), and represented in Fig. 6 by the nonshaded region. The
mould=inductor and the bottom block are not a part of the computational domain.
The coordinate system fx1; x2; x3g is xed to the slab at the centre of symmetry. We model the
going down of the bottom block with an upward displacement of the mould=inductor. Because of
symmetry, only one-quarter of the slab is considered.
Our problem consists of determining the displacement eld u(x; t) and the stress tensor (x; t) at
each point x 2 
s(t) and at each time t 2 (0; tf].
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Fig. 6. Computational domain.
2.2. Boundary conditions
The boundary  (t) of 
s(t) is decomposed as  (t) =  l(t) [  c [  s(t) [  n(t); where
  l(t) is the free boundary of the solidied slab, dened by the isotherm corresponding to the
liquidus temperature Tl. At this boundary the metallostatic pressure, due to the weight of the
liquid metal, is taken into account
n = prn on  l(t); (1)
where n is the unit outward normal vector to the boundary  (t) and pr(x; t)=(T )g[x3− h(t)] is
the pressure. In this equation h(t) represents the length of the slab at time t,  denotes the mass
density of the material which depends on the temperature and g is the acceleration due to gravity.
 On  c, the boundary between the slab and the bottom block, we impose a unilateral contact
condition without friction with a rigid body
 = 0; n60; un60; nun = 0 on  c: (2)
Here, un=u · n is the normal component of the displacement vector u. According to this notation,
n and  are, respectively, the normal and tangential components of the stress vector: n.
 The symmetry boundaries at time t: [xi = 0]; i = 1; 2, are denoted by  s(t). On this boundary we
impose the usual symmetry conditions
 = 0; un = 0 on  s(t): (3)
 Finally, we assume that the lateral exterior surface  n(t), is free of forces
n = 0 on  n(t): (4)
2.3. Equilibrium equations
Taking into account the above boundary conditions and under the assumptions of quasi-static
deformations and small displacements, the deformation of the body is governed by the classical
local form of equilibrium equations
− div() = f in 
s(t); (5)
where f (x; t) = (0; 0;−(T )g) is the gravitational body force.
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2.4. Behaviour law
The metal is described as a viscoelastic material with temperature-dependent parameters. It is
assumed that the deformation rate tensor can be taken as a sum of elastic, viscoplastic and thermal
components
_" = _"e + _"c + _TI ; (6)
where the overdot denotes the dierentiation with respect to time, I is the identity matrix and
 " is the linearized strain tensor.
 T is the thermal expansion related to the temperature by
T =
Z T
Tl
(r) dr; (7)
where  is the coecient of thermal expansion which includes volume changes due to possible
phase transformations and Tl is the liquidus temperature.
 The elastic strain "e is governed by Hooke’s law with material parameters dependent on temper-
ature
"e = (T ) =
1 + (T )
E(T )
 − (T )
E(T )
Tr()I ; (8)
where E and  denote the Young’s modulus and the Poisson’s ratio, respectively. Reciprocally, 
can be written in terms of "e as follows:
 = −1(T )"e = (T )Tr("e)I + 2(T )"e; (9)
 and  being the Lame coecients, related with E and  by the expressions:
(T ) =
E(T )(T )
(1 + (T ))(1− 2(T )) ; (T ) =
E(T )
2(1 + (T ))
:
 We assume that the relevant viscoplastic eects are described by the classical Norton law for
secondary creep
_"c = Y (D) = 0jDjm−2D; (10)
where 0 and m are material parameters, D is the deviatoric stress tensor, related to the stress
tensor  by: D=− 13Tr()I ; and the norm of a symmetric tensor  is given by: jj=
p
Tr( : ),
 : =ijij with the Einstein summation convention. We note that in practice this law is nonlinear
since m> 2.
Hence, the constitutive equation can be written as follows:
_"(u) =
_z }| {
(T ) + Y (D) +

(T )
@T
@t

I in 
s(t): (11)
2.5. Initial conditions
To complete the model, we consider the following set of initial conditions:
u(x; 0) = u0(x); (x; 0) = 0(x) in 
s(0); (12)
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which must verify some compatibility conditions (see [1]). In practice, since the displacements and
the stresses at time t = 0 are small, we will take
u0 = 0; 0 = 0:
Assembling all the equations, the problem we must solve is:
Problem (P). For each time t 2 (0; tf], nd the displacement u and the stress tensor  verifying
the boundary conditions (1){(4), the equilibrium equation (5), the constitutive equation (11) and
the initial conditions (12).
Remark 2.1. The four main diculties of problem (P) are the boundary condition on the free
boundary  l(t), the contact condition on  c, the nonlinear viscoplastic law and the nonlinearity due
to the dependence of the material parameters on the temperature.
3. Weak formulation
3.1. Functional framework
In order to give a weak formulation of problem (P), we must introduce some functional spaces
studied in [9]. In the remainder of this paper we assume that 
s(t) is an open connected bounded
set of R3 with a Lipschitz boundary. Let m> 2 denote the exponent of the Norton law and let m?
be its conjugate exponent, 1<m?< 2. We dene the following spaces
 Space of stresses:
Hm(t) = f; ij = ji; Dij 2 Lm(
s(t));Tr() 2 L2(
s(t)); div() 2 [Lm(
s(t))]3g:
We endow Hm(t) with the norm
kkHm(t) = kDk[Lm(
s(t))]9 + kTr()kL2(
s(t)) + kdiv()k[Lm(
s(t))]3 :
 Spaces of displacements:
Um
?
(t) = fC 2 [W 1;m?(
s(t))]3; div(C) 2 L2(
s(t)); vi = 0 on [xi = 0]; i = 1; 2g:
We endow Um
?
(t) with the norm
kCkUm? (t) = kCk[Lm? (
s(t))]3 + k"D(C)k[Lm? (
s(t))]9 + kdiv(C)kL2(
s(t)):
Um
?
ad (t) = fC 2 Um
?
(t); vn60 on  cg:
3.2. Weak formulation
From now on we make the following assumptions:
(H1) The metallostatic pressure pr 2L2(0; tf;W 1;m(
s(t))). Therefore the volume forces f 2
L2(0; tf; [Lm(
s(t))]
3).
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(H2) The temperature eld T 2 W 1;1(0; tf;H 1(
s(t)) \ L1(
s(t))).
(H3) The Lame coecients ,  belong to W 1;1(R) and (s)> 0, (s)> 0, 8s 2 R. Equivalently,
E;  2 W 1;1(R) and 0<(s)< 12 , E(s)> 0, 8s 2 R.
(H4) The coecient of thermal expansion  2 L1(R):
(H5) The initial data 0 2 Hm(0); u0 2 Um?ad (0), and they must be the solution of the corresponding
initial problem in 
(0).
We can now introduce the following weak problem. For the proofs we refer the reader to [1].
Problem (WP). Find u 2 W 1;m?(0; tf;Um?ad (t)) and  2 H 1(0; tf;Hm(t)) with D 2 Lm(0; tf;Hm(t))
verifying:Z

s(t)
(t): "(C− u(t)) dx>
Z

s(t)
f (t)  (C− u(t)) dx +
Z
 l(t)
pr(t)(C− u(t))  n d;
8C 2 Um?ad (t); a:e: t 2 (0; tf]; (13)
_"(u)(t) =
_z }| {
((T ))(t) + Y (D)(t) +

(T )
@T
@t

(t)I a:e: t 2 (0; tf]; (14)
u(0) = u0; (0) = 0 in 
s(0): (15)
Remark 3.1. It is easy to prove that if (u(t); (t)) is a regular solution of the weak problem (WP)
at time t, then it is a solution of problem (P). The reciprocal is also true.
4. Numerical solution
4.1. Space discretization
The displacements are discretized in space using the Lagrange tetrahedral nite element method
of degree one. Stresses are assumed constant within each element. Let Th(t) be a tetrahedral mesh
of the solidied slab at time t and Sh the triangulation induced on the contact boundary  c. We
introduce the following spaces:
 Space of stresses:
Hh(t) = fh; hjK 2 [P0(K)]9; 8K 2Th(t)g:
 Space of displacements:
Uh(t) = fCh 2 [C0(
s(t))]3; ChjK 2 [P1(K)]3; 8K 2Th(t); (vh)i = 0 on [xi = 0]; i = 1; 2g;
Uadh(t) = fCh 2 Uh(t); ChjC  njC60; 8C 2Shg;
where Pi(K) denotes the space of polynomials of degree i dened on K . From now on n denotes
the unit outward normal to the face C at its barycentre.
To simplify notation we will omit the index h to denote the elements of these spaces.
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4.2. Extension of the computational domain
In the weak problem (WP) the metallostatic pressure on  l(t) becomes an integral on that bound-
ary (see (13)). The numerical implementation of this integral is complicated because  l(t) is the
free boundary of the thermal problem which is numerically obtained by solving the thermal problem
by means of a nite element method; so it has an irregular shape and its outer normal is dicult
to be calculated. In order to avoid such diculty we extend the computational domain to the entire
slab, including the liquid metal, denoted by 
l(t), so that in the new weak problem this integral will
disappear. Note that the liquid metal is a ctitious domain, so the solution has no physical meaning
there.
In 
l(t) we solve a linear elasticity problem such that
 Following [10], the liquid aluminium is considered as a very weak elastic material. For that
purpose we express the stress tensor in the liquid aluminium as
 =  Tr("(u))I + 2 "(u); (16)
where  is a small parameter and , , ,  are real numbers independent of .
Since the liquid aluminium is assumed to be only elastic, the coecient of thermal expansion ,
and the viscoplastic constant 0 are extended by zero.
 In order to recover on  l(t) the weight of the liquid aluminium, we consider the gravitational
body forces.
 We assume that the liquid outer boundary, denoted by  lN (t), is conned by the mould=electro-
magnetic eld.
If we extend the functional spaces in a natural way, the new weak problem is:
Problem (WPh). Find u
 2 W 1;m?(0; tf;Uadh(t)) and  2 H 1(0; tf;Hh(t)) with 
D 2 Lm(0; tf;Hh(t))
verifying:Z

(t)
(t) : "(C− u(t)) dx + 1
l
Z
 lN (t)
u(t)  nC · n d
>
Z

(t)
f (t)  (C− u(t)) dx; 8C 2 Uadh(t); a:e: t 2 (0; tf]; (17)
_"(u)(t) =
_z }| {
((T ))(t) + Y (
D
)(t) +

(T )
@T
@t

(t)I a:e: t 2 (0; tf]; (18)
u(0) = u0; (0) = 0 in 
(0): (19)
Note that the integral on  l(t) has disappeared and the second integral in (17) is a penalty term to
model the boundary condition between the slab and the mould=electromagnetic eld: u · n=0; t=0;
l is a small parameter.
This treatment of the metallostatic pressure boundary condition can be justied by means of
an asymptotic analysis. For simplicity of the functional spaces this analysis was developed for an
elasticity problem without contact condition in a domain independent of time. We summarize in the
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following theorem the main results without proofs. The detailed proofs will appear in a forthcoming
publication.
Let us assume the following asymptotic expansion for the displacement eld:
u =
+1X
i=min(−;−)
iui : (20)
Theorem 4.1. Let u 2 [H 1(
)]3;  2 [L2(
)]9 be the solution of the problem (WPh). Then,
(i) lim!0 uj
s = u0j
s in [H 1(
s)]3; where u0 is the leading term of the asymptotic expansion
(20).
(ii) lim!0 j
s = 0j
s in [L2(
s)]9; where 0 denotes the leading term obtained when we apply
the Hooke's law to the asymptotic expansion (20).
(iii) Let ;  be the exponents in the elastic law (16) for the liquid domain. If 6; u0j
s is the
solution of a problem which surface forces acting on  l are statically equivalent to those in
problem (P).
(iv) If >; u0j
s is the solution of one problem for which the metallostatic pressure is imposed
locally on  l. In consequence; u0j
s is the solution of the initial problem (P).
Conclusions. (1) If 6, u0j
s and u are solution of two dierent problems with statically equiv-
alent surface forces (that is, the surface forces acting on  l have the same resultant and resulting
moment, and the boundary conditions in the rest of the boundary are the same for both problems),
therefore by the Saint-Venant’s principle (see for instance [11,13]) u0j
s approaches the solution u at
points suciently distant from  l. In practice it is enough to reject the errors in the interphase (see
Table 4).
(2) If =  and  , it can be proved that the shear stresses on the interphase are small with
respect to the normal ones, so the metallostatic pressure on  l is locally approached (see Fig. 12).
In consequence, as we can see in Table 4, the approximation is better when = .
(3) If >, u0j
s and u are solution of the same problem (see Tables 5 and 6).
(4) Summing up, since in practice the limit problem cannot be numerically solved, the best way
of modelling the metallostatic pressure on  l is assuming the liquid metal to be a ctitious domain
with the elastic law given in (16) and the following parameters:
  small enough (in practice   10−3).
 > (for instance = 2,  = 1) or =  (for example = 1,  = 1, but =   100).
4.2.1. A test example
In this section we present a numerical test with known solution in the solidied domain. We
compare the solution of problem (P) with the solution of the extended problem for dierent values
of ,  as  goes to zero.
For simplicity we present a two-dimensional test independent of time. Let 
 be a rectangle with
dimensions 0:5 0:8 m. We assume that the temperature eld T is such that
 l = fx= (x1; x3) 2 
; x1< 0; 4x1 + 5x3 = 2g [ fx= (x1; x3) 2 
; x1>0; −4x1 + 5x3 = 2g
(see Fig. 7).
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Fig. 7. Test domain.
Following the previous notation we divide the boundary of 
s into three parts: @
s = l [ c [ n
where:
 On  l we consider the pressure condition: n = prn; where
pr = g(x3 − 0:8)
with = 2500 kg=m3.
  c denotes the bottom of the slab. On this boundary we impose the Dirichlet condition u = u0 =
(−c0:8x1;−c(0:0825 + x21)=2), where
c =
g
2(+ )
:
  n represents the lateral exterior faces. On this boundary we have the following Neumann condi-
tion:
n = h= g(x3 − 0:8)n:
Finally, we assume that the solid is elastic:
(u) = Tr("(u))I + 2"(u)
with = 1:5  106 N=m2, = 3:5  105 N=m2. With these assumptions the problem we propose is the
following:
− div() = f in 
s; (21)
n = prn on  l; (22)
n = h on  n; (23)
u = u0 on  c; (24)
(u) = Tr("(u))I + 2"(u) in 
s (25)
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with f = (0; 0;−g). Note that (21){(25) is similar than problem (P). It is easy to prove that the
solution of this problem is
(x3) = g(x3 − 0:8)I ;
u(x1; x3) = (c(x3 − 0:8)x1; c((x3 − 0:8)2 − x21 − 0:852)=2):
To solve this problem we have used the MATLAB Partial Dierential Equation toolbox. Firstly,
we have solved the problem in the solid domain with a mesh of 7877 vertices and 15424 triangles
and the relative error in l2-norm was:
 relative error in displacements: 2:8  10−4
 relative error in stresses: 5:1  10−3.
Next, we also consider the ctitious domain and solve the problem:
− div() = f in 
; (26)
n = 0 on  0; (27)
t = 0 on  
l
N ; (28)
u · n = ul · n on  lN ; (29)
n = h on  n; (30)
u = u0 on  c; (31)
(u) = Tr("(u))I + 2"(u) in 
s; (32)
where  0 represents the upper boundary of 
, which is assumed to be free of forces, and on  lN
we assume that u · n= ul · n, with ul = (−0:05c;−0:3725c), instead of u · n=0 for the continuity
of the solution.
The weak formulation of this extended problem is analogous to (WPh) but in this test there is no
contact condition with the bottom block and note that since the domain is very simple the boundary
condition on  lN can be imposed in the space of admissible displacements instead of using a penalty
method.
We have constructed a mesh of 
 with 7449 vertices and 14 592 triangles. For this mesh we
present some pairs of tables with the relative errors obtained for dierent values of ,  as 
goes to zero. In each case, the rst table corresponds to the analysis with =  ( = 104 N=m2 and
=104 N=m2) and in the second table we have considered   ( =104 N=m2 and =32:5 N=m2).
These errors are calculated in the entire solidied domain 
s and in 
s n 
c, where

c =

x 2 
s; x1< 0; 3− 8x110 <x3<
2− 4x1
5

[

x 2 
s; x1>0; 3 + 8x110 <x3<
2 + 4x1
5

(33)
(see Fig. 8), to verify the Saint-Venant’s principle.
Case 1: =1; =2. As we have announced, although the errors decrease far from the interphase,
this is not a good approach of the initial problem (Tables 1 and 2).
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Table 1
Relative errors in case 1 for  = 104 N=m2 and  = 104 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 0.5308 6.3453 0.2561 0.3832
1:E − 3 0.5692 6.7013 0.2783 0.3905
1:E − 5 0.5696 6.7050 0.2785 0.3906
Table 2
Relative errors in case 1 for  = 104 N=m2 and  = 32:5 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 0.0404 0.6180 0.0220 0.0415
1:E − 3 0.4986 6.0762 0.2344 0.3603
1:E − 5 0.5688 6.6981 0.2780 0.3903
Fig. 8. Partition of 
.
It can be proved by means of the asymptotic method that when < the stresses in 
l depend on
, so we cannot avoid the shear stresses on  l as it can be seen in Figs. 9 and 10, which correspond
to the dierent values of  and  for = 10−5.
Case 2:  = 1;  = 1. The asymptotic analysis in this case shows that the shear stresses on  l
depend linearly on , while the normal stresses depend on  and + . Therefore if we take  
the shear stresses are small (see Fig. 12) and in consequence the metallostatic pressure on  l can
be locally approached, whereas for  =  relative errors are considerable (Tables 3 and 4). In Figs.
11 and 12 we present the shear stresses for the same  as before.
Case 3: =2; =1. In this case u0j
s is the solution of the initial problem and so the errors are
small even in the interphase for every value of  and  (Tables 5 and 6).
In this case the metallostatic pressure is imposed locally on  l and shear stresses are nearly null
(see Figs. 13 and 14).
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Fig. 9. Shear stresses. <;  = :
Fig. 10. Shear stresses. <;  :
Table 3
Relative errors in case 2 for  = 104 N=m2 and  = 104 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 0:3718 4:9003 0:1614 0:3080
1:E − 3 0:3828 5:0252 0:1658 0:3064
1:E − 5 0:3829 5:0265 0:1659 0:3064
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Table 4
Relative errors in case 2 for  = 104 N=m2 and  = 32:5 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 0:0053 0:0830 0:0026 0:0058
1:E − 3 0:0053 0:0830 0:0026 0:0058
1:E − 5 0:0053 0:0830 0:0026 0:0058
Fig. 11. Shear stresses. = ;  = :
Fig. 12. Shear stresses. = ;  .
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Table 5
Relative errors in case 3 for  = 104 N=m2 and  = 104 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 0:1035 1:5654 0:0547 0:1035
1:E − 3 0:0019 0:0319 9:0081  10−4 0:0028
1:E − 5 2:4905  10−4 0:0041 1:8164  10−4 0:0016
Table 6
Relative errors in case 3 for  = 104 N=m2 and  = 32:5 N=m2
 Relative errors in 
s Relative errors in 
s n 
c
Displacements Stresses Displacements Stresses
1:E − 1 7:3108  10−4 0:0131 3:6588  10−4 0:0018
1:E − 3 2:4196  10−4 0:0041 1:8053  10−4 0:0016
1:E − 5 2:3598  10−4 0:0040 1:8002  10−4 0:0016
Fig. 13. Shear stresses. >;  = :
4.3. Contact condition
For simplicity, from now on we will write (u; ) for the solution of the extended problem (WPh).
Due to the contact condition with the bottom block it appears an inequality in the weak problem
(WPh). By means of convex and subdierential analysis that weak inequality can be transformed into
a variational equality in all the space Uh(t). For that purpose, using the maximal monotone operator
techniques developed in [3] and already used in [5] for contact problems in perfect plasticity, we
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Fig. 14. Shear stresses. >;  :
introduce the contact multiplier p(t) dened on each face of Sh by
p(t) =
8>>><
>>>:
1
c
[u(t) · n + cp(t)] if u(t) · n + cp(t)> 0;
1
c

u(t) · n + cp(t)−

u(t) · n + cp(t)
1− cc

if u(t) · n + cp(t)60;
(34)
where c; c are positive real numbers such that 0<cc< 1. In this expression u(t) denotes the
displacement at the barycentre of the contact face.
We note that if u(t) · n + cp(t)> 0 then u(t) · n = 0. Hence, there is contact and p(t)> 0.
Otherwise, the contact multiplier has the opposite sign to the normal component of the displacement,
p(t) =−cu(t) · n.
We obtain the following weak problem discretized in space:
Problem (WPh). Find u 2 W 1;m
?
(0; tf;Uh(t)) and  2 H 1(0; tf;Hh(t)) with D 2 Lm(0; tf;Hh(t))
verifying:Z

(t)
(t): "(C− u(t)) dx + c
Z
 c
u(t) · n C · n d+ 1
l
Z
 lN (t)
u(t) · n C · n d
=
Z

(t)
f (t)  (C− u(t)) dx −
Z
 c
p(t)C · n d; 8C 2 Uh(t); a:e: t 2 (0; tf]; (35)
_"(u)(t) =
_z }| {
((T ))(t) + Y (D)(t) +

(T )
@T
@t

(t)I ; a:e: t 2 (0; tf]; (36)
u(0) = u0; (0) = 0; in 
(0): (37)
The detailed proofs can be seen in [1].
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4.4. Time discretization
We divide the time interval [0; tf] into I subintervals:
t0 = 0; ti+1 = ti +t; t =
tf
I
; i = 0; : : : ; (I − 1):
If we discretize the constitutive equation (36) at the time interval [tn; tn+1] by using the implicit
Euler scheme, we obtain the expression
"n+1 − "n − (n+1n+1 − nn)− n+1(Tn+1 − Tn)I =t Y ((D)n+1); (38)
where "n denotes the strain tensor at time tn. To avoid the nonlinearity due to the viscoplastic law,
let us dene a viscoplastic multiplier q as the perturbed operator of the viscoplastic function Y :
q = (Y − pI)(D); p> 0: (39)
If we replace this expression in (38) and use the denition of D we obtain the following expression
of the stress tensor at time tn+1:
n+1 =
8>><
>>:
Vn+1
"
"n+1 −t qn+1 + tpE
n+1
3(1− 2n+1)Tr("
n+1)I + F n
#
in 
n+1s ;
Vn+1"n+1 in 
n+1l ;
(40)
where p; p are positive real numbers such that 0<pp< 1; V is the inverse automorphism of
+tp in 
n+1s and the inverse of  in 

n+1
l ; F
n is the history of the solidied metal up to time
tn together with the expansional eects of the temperature change in the interval [tn; tn+1]
F n=−"n + nn − n+1(Tn+1 − Tn)
"
1 +
tpEn+1
1− 2n+1
#
I
+
tpEn+1
3(1− 2n+1)

1− 2n
En
Tr(n)− Tr("n)

I : (41)
It can be proved, using again the maximal monotone operators techniques developed in [3] that the
multiplier q, which is a symmetric tensor constant within each element, is given by the expression
qn+1 =
(D)n+1 + pqn+1
p
"
1− 1
(1− pp)
#
; (42)
where  is the root in [1;+1) of the equation
m−1 − m−2 − p0
(1− pp)m−1 j(
D)n+1 + pqn+1jm−2 = 0:
We note that since the liquid metal is treated as purely elastic (see (40)), the viscoplastic multiplier
q and F are only dened within solid elements.
Finally we replace expression (40) obtained for n+1 in the weak formulation. So, we must solve
the following weak problem in displacements discretized in time and space at time tn+1:
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Problem (WPh)
n+1. Find un+1 verifying:Z

n+1s
Vn+1
"
"n+1 +
tpEn+1
3(1− 2n+1) Tr("
n+1)I
#
: "(C) dx
+
Z

n+1l
Vn+1"n+1: "(C) dx + c
Z
 c
un+1 · n C · n d
+
1
l
Z
 lN
n+1
un+1 · n C · n d=
Z

n+1
f n+1 · C dx −
Z
 c
pn+1C · n d
+t
Z

n+1s
Vn+1qn+1: "(C) dx −
Z

n+1s
Vn+1F n: "(C) dx;
8C 2 Uh(tn+1); (43)
and the stress tensor n+1 is obtained by expression (40).
4.5. Iterative algorithm
Let us assume that the solution up to time tn is known. Then it can be computed at time tn+1 by
using a point xed algorithm:
 un+10 is set to the solution at time step tn, the sum of pn+10 is set to the weight of the slab, qn+10
is set to zero and F n is set by using (41).
 un+1 is calculated as the limit of the sequence un+1k obtained as the solution of the linear elasticity
problemZ

n+1s
Vn+1
"
"n+1k +
tpEn+1
3(1− 2n+1) Tr("
n+1
k )I
#
: "(C) dx
+
Z

n+1l
Vn+1"n+1k : "(C) dx + c
Z
 c
un+1k · n C · n d
+
1
l
Z
 lN
n+1
un+1k · n C · n d=
Z

n+1
f n+1 · C dx −
Z
 c
pn+1k−1C · n d
+t
Z

n+1s
Vn+1qn+1k−1: "(C) dx −
Z

n+1s
Vn+1F n: "(C) dx;
8C 2 Uh(tn+1): (44)
The multipliers p and q are updated using expressions (34) and (42), respectively.
A detailed description of this algorithm can be seen in [2].
Remark 4.2. The stiness matrix only needs to be calculated at each time step.
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Fig. 15. Reference geometry.
Fig. 16. Mesh of the aluminium before the start of the casting.
5. Numerical results for a real casting process
In order to validate the algorithm proposed in Section 4 we have solved some test examples with
known analytical solution. The results can be seen in [1].
In this section we present the numerical results obtained in a real industrial casting process for
the slab geometry shown in Fig. 15. As we have announced in Section 1, casting process can be
divided into two stages:
1. The start stage, during which the butt curl occurs. This deformation is produced in a small time
interval (see Fig. 18), then, if we want to obtain a good approximation of the butt curl we must
use a small time step and a ne mesh. In Fig. 16 we present the mesh of the aluminium just before
the start of the casting, constructed with the MODULEF library. It consists of 7182 elements and
1600 vertices. In Fig. 17 we show the isolines of the norm of the stress tensor obtained after 200
s of casting, using a time step of 10 s. In Fig. 18 we present the norm of the stress tensor as a
function of time at the point shown in Fig. 17.
2. The stationary stage. For the numerical simulation of this phase we must take into account that
the domain grows with time and the time interval of interest is very long (Fig. 19 shows the time
dependence of the slab length) and the temperature gradients are steepest at the top of the slab
and the outer faces (in Fig. 20 we present the isotherms after 1000 s of casting).
To solve these diculties the following steps have been taken:
 Remeshing at each time step. To build the mesh of the slab we rstly construct a mesh of the
aluminium contained inside the bottom block (see Fig. 16). Subsequently, taking into account the
casting speed, we add at each time step the mesh of the liquid aluminium poured during that time
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Fig. 17. Isolines of the norm of the stress tensor.
Fig. 18. Norm of the stress tensor.
Fig. 19. Slab length.
interval. Furthermore, the mesh of the slab built at each time instant is ner in the region with the
sharpest temperature gradient areas, that is, on the lateral exterior faces and on the upper zone.
In Fig. 21 we present the mesh after 1000 s of casting, using a time step equal to 10 s. It has
38 016 elements and 7548 vertices.
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Fig. 20. Isotherms.
Fig. 21. Three-dimensional mesh.
 Contact condition removal. Since we have numerically proved that the butt curl does not inuence
the lateral faces contraction during this stage, we have replaced the Signorini contact condition
by a Dirichlet condition, so we only have the viscoplastic multiplier. Fig. 22 shows the resulting
slab obtained with the mesh presented in Fig. 21. Note that the reference geometry is under the
deformed one.
Fig. 23 represents the contraction of the lateral faces. We present a cross-section of the reference
geometry and of the resulting slab 1000 s after the start of the casting at the height of 0.64 m.
In Fig. 24 we represent the mould=inductor geometry together with the predicted slab prole at
three dierent heights, ilustrating how contraction increases with time; the lower line shows the
desired at geometry.
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Fig. 22. Three-dimensional contraction.
Fig. 23. Cross-section contraction.
Fig. 24. Distance from centre. ((+) butt region, () steady-state region, () head region, ( − ) desired geometry, (|)
mould=inductor geometry).
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